We calculate that an appropriate modification of the field associated with only one of the photons of a photon pair can suppress generation of the pair entirely. From this general result, we develop a method for suppressing the generation of undesired photon pairs utilizing photonic stop bands. For a third-order nonlinear optical source of frequency-degenerate photons, we calculate the modified frequency spectrum (joint spectral intensity) and show a significant increase in a standard metric, the coincidence to accidental ratio. These results open a new avenue for photon-pair frequency correlation engineering.
Nonlinear optics is often compounded by additional processes. In third-order nonlinear media these can include self-and cross-phase modulation [1] , various forms of four-wave mixing [2] , third-harmonic generation [3] , or solitonic phenomena [4] . While they can sometimes be made to work together, such as in supercontinuum generation [5] , in general many undesired processes may simultaneously compete unless care is taken to ensure that a single process dominates. This is true of both classical and quantum processes [6, 7] .
In recent years spontaneous (quantum) nonlinear optical processes have emerged as a leading contender for the production of photons required for optical implementations of quantum information processing tasks [8] . Such photons may enable secure communication [9] , fundamental tests of bosonic interference [10] , and exponential speedups of certain computations [11] . While secondorder nonlinear media have often been used to produce the required indistinguishable photons [12] , due to their efficiency and need for only a single incident laser, largescale quantum optical technologies will likely be made possible with the scalability and integration capabilities provided by third-order nonlinear media such as silicon or silicon nitride [13] .
The generation of non-classical states of light in these media occurs via spontaneous four-wave mixing (SFWM), a process that can be driven by either one or two pump beams. For a single incident pump narrowly centered at frequency ω P , single-pump SFWM stochastically generates signal and idler photons to either side of the pump frequency as dictated by energy conservation ω S + ω I = 2ω P [see Fig. 1(a) ]. In contrast, for two incident pumps narrowly centered at frequencies ω P1 and ω P2 , dual-pump SFWM stochastically generates signal and idler photons located between the two pump frequencies according to ω S + ω I = ω P1 + ω P2 [see Fig. 1(b) ]. Achieving simultaneous generation of spectrally degenerate photons with single-pump SFWM is experimentally challenging, for it requires simultaneously heralding a photon from each of two photon-pair sources. Yet while dual-pump SFWM can directly produce pairs of spectrally identical photons in a single device, it presents its own challenge in that it comes with parasitic noise photons due to each pump individually generating nonidentical pairs via single-pump SFWM [14, 15] (see Fig. 1(c) ).
In this Letter we show that these parasitic photon pairs can be suppressed by appropriate engineering of photonic stop bands [16] . While previous studies have considered photonic crystal structures to enhance classical nonlinear optical processes [17, 18] or compensate for material dispersion in quantum processes [19] , here we calculate that they may be used to suppress parasitic pair generation without compromising desired photon generation. In particular, we show that this is possible because, unlike with a frequency filter, the frequency suppression of a photon can occur with a stop band placed at a different frequency than that of a parasitic photon-namely, the frequency of its photon-pair partner. We focus here on the control of competing coherent photon generation processes, though note that, as with all photon-pair generation processes, additional (incoherent) noise sources of photons may also be present, e.g., Raman processes [20] .
Employing the asymptotic fields formalism introduced in Ref. [21] , we consider third-order nonlinear optical processes in an effectively one-dimensional structure, such as a waveguide or fiber, and therefore expand the electric arXiv:1609.00106v2 [quant-ph] 6 Mar 2017 field according to
Here e in(out) aω (x, y) and f in(out) aω (z) are, respectively, the transverse and longitudinal mode field distributions of the asymptotic-in(-out) modes labeled by a, normalized as in [22] . Additionally, v aω is the group velocity and the a aω are annihilation operators with commutation relations a aω , a † a ω = δ aa δ (ω − ω ). That being said, for simplicity, in all calculations that follow the fields involved will be assumed to occupy the same spatial mode (e.g. lowest-order linearly polarized, or LP, mode in a fiber), and we will use a as a polarization label.
We consider the production of deterministically separable photon pairs and so, for simplicity, assume a cubic or amorphous material and take the two pumps of the dual-pump process to be orthogonally polarized. In such a configuration the desired photon pairs are generated with orthogonal polarizations as well. The parasitic pairs from each pump, on the other hand, have the same polarization as the pump responsible for their generation. Using asymptotic fields to address this process allows us to leverage the stationary linear solutions of Maxwell's equations throughout a structure [21] . Notably, the formalism straightforwardly generalizes the usual phasematching function arising in a four-wave mixing interaction to
where L is the length of the nonlinear structure, a and b can each take on the polarization labels x and y, and N ab is an appropriate normalization constant. In a straight waveguide with a constant refractive index in the longitudinal direction f in aω (z) = f out aω (z) = e ika(ω)z and (2) reduces to a familiar sinc function [23] . In a straight waveguide with a periodic refractive index modulation in the longitudinal direction, the f in(out) aω (z) correspond to Bloch modes. See Fig. 2 for a sketch of the type of structure we consider. Regardless of the linear properties of the waveguide, (2) shows that the product of these functions greatly influences the frequency spectrum of coherently generated photons.
In particular, when pumped with orthogonally polarized quasi-cw (classical) fields, in the limit of a low probability of pair production per pulse, the state of generated photons from a dual-pump SFWM process may be writ- ten
where the joint spectral amplitudes
α (ω) describes the (assumed identical) quasi-cw pump pulse spectral amplitudes, and the ζ ab are set so as to normalize the joint spectral amplitudes according to dω 1 dω 2 |φ ab (ω 1 , ω 2 )| 2 = 1. Assuming a weak form birefringence of the waveguide or fiber that can be considered constant over the frequency range of interest and equal pump powers, they are related by ζ xy =
ζ yy . Each term in the factor between the various ζ is due to a different effect: the 4 arises because there are four times as many ways four E-fields combine to generate cross-polarized photons than they do for a single co-polarized photon generation process, the 3 arises because the nonlinear tensor components of the underlying isotropic media satisfy [24] 
with the pair spectrum, or joint spectral intensity (JSI),
given by
where the approximation made in (5) and (6) is that the joint spectral amplitudes φ ab (ω 1 , ω 2 ) do not overlap due to the narrow frequency bandwidths associated with quasi-cw pump pulses. Here and throughout this letter we consider quasi-cw pump pulses to make the physics of the process as transparent as possible, but we note that the the method of calculation remains the same for all pump pulse durations. It is clear from (5), (4), and (2) that the efficiency of photon-pair generation via SFWM depends on the overlap of all four transverse field distributions involved. Indeed, as (2) involves coherent contributions from all creation points along the structure, properly engineering light propagation associated with f out aω1 (z) in J ab (ω a , ω b , ω 1 , ω 2 ) will affect photon generation not only at ω 1 , but at ω 2 as well. Returning to Figs. 1(b) and 1(c), we note that, while the desired degenerate photons are generated between ω P1 and ω P2 , the generation of parasitic pairs includes frequencies outside this range. Thus, by properly engineering two photonic stop-bands, one centered at 2ω P1 − (ω P2 + ω P1 ) /2 and the other at 2ω P2 − (ω P2 + ω P1 ) /2, it is possible to inhibit the generation of parasitic photons without interfering with the creation of degenerate pairs. Referring back to (5), this corresponds to reducing φ xx (ω 1 , ω 2 ) and φ yy (ω 1 , ω 2 ) over a desired collection bandwidth of φ xy (ω 1 , ω 2 ) by introducing stop-bands centered at 2ω x − ω d and 2ω y − ω d , where
To introduce a stop-band in a straight waveguide we consider a periodic modulation of the refractive index in the longitudinal direction known as a Bragg grating. Its introduction opens a stop-band about a frequency ω B with
where
, and κ = 2ω B ∆n/ (πc). Here ω B is the center frequency of the Bragg grating, ∆n its index contrast, and Λ a = π/k a (ω B ) its period [25] . Similar expressions can be found for f in aω (z) [26] . For a grating that extends over the entire nonlinear region, approximating pumps as far detuned from grating resonances f in aωa (z) ≈ e ika(ωa)z , and keeping only the first term of (7) on phase-matching grounds, the J ab of (4) is well-approximated by
with N ab determined numerically. Thus, to suppress parasitic photon-pair generation centered about the degenerate dual-pump SFWM frequency ω d , due to the single-pump SFWM process driven by a quasi-cw pump with center frequency ω a , all that is necessary is to design a Bragg grating with a stop-band centered at ω Ba = 2ω a − ω d . This will cause the product G
* of J aa to be greatly reduced over much of the range of z near ω Ba , and ω d as dictated by energy conservation, without affecting J xy . For when δ aω ≈ 0, with κL
. We note that, as opposed to parasitic-pair suppression with a standard Bragg grating, an alternate strategy would be to consider the enhancement of desired degenerate photons at ω d due to a phase-shifted grating [27] , but reserve its analysis for later work.
As a concrete example, we consider a polarization maintaining fiber with a refractive index modeled by a standard Sellmeier equation [28] , and assume a linear birefringence between x and y polarizations of 3.3×10 −5 , conservative for such fibers [29] . In this system, we find that an x-polarized pump at ω x = 2πc/ (1555 nm) and a y-polarized pump at ω y = 2πc/ (1545 nm) are phase and energy matched to frequency degenerate photons produced via dual-pump SFWM at ω d = 2πc/ (1550 nm). Additionally, the pump at ω x is phase and energy matched to parasitic pairs of photons produced via singlepump SFWM at ω d and 2πc/ (1560 nm) while the pump at ω y is phase and energy matched to parasitic pairs of photons produced via single-pump SFWM at ω d and 2πc/ (1540 nm). For a fiber of length L = 50 mm and intensity FWHM pump pulse durations of 10 ps, we plot the resultant JSI of (6) in Fig. 3a . Note the three components of the plot corresponding to parasitic pairs from the x-polarized pump, parasitic pairs from the y-polarized pump, and desired dual-pump SFWM pairs from both pumps. To suppress these parasitic pairs we imagine introducing a dual stop-band, or moiré, grating [30] , opening stop-bands centered at both ω Bx = 2πc/ (1560 nm) and ω By = 2πc/ (1540 nm) though reducing κ by a factor of two. Assuming a grating index contrast of ∆n = 2.1 × 10 −3 and the grating to have the same effect on both polarizations, we calculate that 94,000 periods of length 536 nm (L = 50 mm) can achieve a grating strength of κL ∼ 137 with photonic stop-bands of width ∆λ ≈ (1550 nm) 2 κ/ [πn SiO2 (1550 nm)] ≈ 1.4 nm centered at both ω Bx and ω By [31] . We note that SFWM has been observed in even shorter pieces of glass [32, 33] . The JSI corresponding to the fiber with a grating introduced can be seen in Fig. 3b . Note how the components corresponding to parasitic pairs have been suppressed near ω d = 2πc/ (1550 nm) compared to Fig. 3a.   FIG. 3 . Joint spectral intensities for our example system both a) without and b) with a moiré Bragg grating introduced. Desired degenerate photons are marked with a square and desired stop-bands with circles. The dual-pump process corresponds to the center diagonal bands, while parasitic singlepump x-polarized and y-polarized processes correspond to upper and lower diagonal bands, respectively.
A measurable effect of the introduction of the grating and suppression of parasitic photon-pairs should be a corresponding increase in the coincidence to accidental ratio (CAR) [34] , a measure of the signal to noise of a photon-pair source. We examine this with a simple model for the CAR in which the average number of a-polarized photons collected per pulse, given efficiency η a , average dark counts per pulse d a , and a filter having spectral shape h a (ω), is given by N a = d a + η a dω a † aω a aω h a (ω) . Similarly, the average number of coincidence detections per pulse is given by
yω a yω h y (ω) where the expectation values are taken with respect to |φ gen . Taking the filters to have the same spectral shape and both be centered at ω d , provided they are narrow enough that the |φ ab (ω 1 , ω 2 )| 2 are essentially constant over their widths ∆, we find
where we have made use of the symmetry φ aa (ω 1 , ω 2 ) = φ aa (ω 2 , ω 1 ) and the narrow nature of φ ab |(ω 1 , ω 2 )| 2 due to energy conservation. We have also neglected detector dark counts to focus on the effect of the grating. For the standard definition CAR = N xy / (N x N y ) this leads to
where we have defined |ζ|
While the details of the CAR will depend on tradeoffs between the grating width ∆λ and collection bandwidth ∆, here we have made the simplifying assumption that parasitic photons can be suppressed over the collection bandwidth of interest ∆ < 2πc∆λ/ (1550 nm) 2 . We note that much narrower collection bandwidths can be achieved with liquid crystal on silicon (LCoS) programmable optical processors [35] . In Fig. 4 we plot the CAR of (11) for our system both without and with the introduction of a moiré Bragg grating. For larger ∆, the CAR associated with the grating structure will fall between these two limits. Nonetheless, it is clear that the grating can greatly reduce the noise at 1550 nm associated with the parasitic single-pump processes, bringing the CAR towards the idealized maximum value of 1/ |ζ| 2 . Throughout this work we have made simplifying choices in the interest of highlighting the underlying physics, but we stress that the main ideas are quite general. For example, in addition to the ease of photonpair separability offered by cross-polarized dual-pump SFWM, photon pairs created via dual-pump SFWM could also be separated using parallel-polarized pumps with the nonlinear medium in a Sagnac loop and making use of so-called time-reversed Hong-Ou-Mandel interference [36] . In place of a moiré grating in a fiber, in a strip waveguide one might imagine instead introducing different Bragg gratings along the right and left edges [37] . Indeed, it is expected that similar results can be achieved in competing material platforms, such as silicon or a chalcogenide glass [38] . In conclusion, Bragg gratings provide a new tool for photon-pair correlation engineering, allowing for competing undesirable processes to be suppressed.
